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Abstract 

Non-projectable Hofava gravity for a spherically symmetric configuration 
with A = f exhibits an infinite set of solutions parametrized by a generic 
function g 2 (r) for the radial component of the shift vector. In the IR limit 
the infinite set of solutions corresponds to the invariance of General Relativ- 
ity under a spacetime reparametrization. In general, not being a coordinate 
transformation, the symmetry in the action responsible for the infinite set of 
solutions does not have a clear physical interpretation. Indeed it is broken 
by the matter term in the action. We study the behavior of the solutions for 
generic values of the parameter g 2 (r). 
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1 Introduction 

Hof ava-Lifshitz (HL) gravity [TJ |2] is a non-relativistic extension of General Relativ- 
ity (GR) which aims to recover GR in the infrared (IR) limit. Its main characteristic 
is its invariance under the anisotropic rescaling 

x -> bx t -> b z t, 

which makes the conformal dimension ([ ] s ) of space and time to be different: 

[x] s = -1 [t] s = -Z. 

This is to achieve power-counting renormalizability, making HL gravity a UV com- 
pletion of Hilbert-Einstein Gravity. For a (3 + 1) -dimensional space-time z = 3 
0. 

To implement the anisotropic scaling the theory is constructed on a space-time 
of the form M = I x E, where £ is a space-like 3-dimensional surface. The action 
is given by the usual Hilbert-Einstein action, written in ADM components, plus 
higher powers or higher spatial derivatives of the intrinsic curvature of S to modify 
the potential term_|: 

S = j dtd 3 xVhN ^(KijK** - XK 2 ) + ^11 - ^ ',:("■' + 0e iifc 72iiV^' k + 
-^fW + ( + - 3Al) ) (1) 



8(1 -3A) V 4 

where the kinetic term corresponds to the first bracket, in which 

is the extrinsic curvature, in which N is the lapse function, iVj the shift vector and 
hij the spatial metric on E; in the potential term TZij is the Ricci intrinsic curvature 
on E, K is its trace and C ij = e lkl V k (r/ - j6A is the Cotton tensor. The IR limit 



lr The action considered here is a modified one, introduced in [6]. 
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is given by retaining the kinetic term with A = 1, the term fi A TZ and, eventually, 
the constant term that will reproduce the cosmological constant. Quantizing HL 
gravity the coupling constants will be running, therefore it is supposed that in the 
IR limit w — > oo, A goes to 1 and that the higher powers of the spatial curvature are 
negligible. This reproduces the Hilbert-Einstein action with z — 1, thus recovering 
the relativistic isotropy of spacetime. 

The potential term was first introduced using the detailed balance condition 
[2]; more general expressions were considered in [3j HI [5]. In particular, Kehagias 
and Sfetsos considered in [6] an action obtained by softly breaking the detailed 
balance condition with a curvature term fi 4 TZ. Here we will consider the expression 
(relation (5) in [7J with a zero cosmological constant) 

S = [ dtd z x^hN{uj(K t1 K 11 - XK 2 ) +ujK- -^-C^ + 

8 J I fj, 2 w A 

+^V3\~^Te ijk n ll v j n l k -(3X- i)n t] n ij + ^^-n 2 ) (2) 

HW Z 4 J 

obtained from the KS action ([T|) with some redefinitions of the coupling constants 
(see 0). 

In the literature two versions of HL gravity are usually considered: the non- 
projectable case, in which the lapse function has a full space-time dependence, and 
the projectable case, in which the lapse function depends only on the time coordi- 
nate. The non-projectable case, which is the one considered in this article, suffers 
from a strong coupling problem [H [9] which might make the theory unstable in the 
present formulation; moreover the unstable scalar mode does not decouple in the IR 
limit, therefore GR is not really recovered. The projectable case, on the other hand, 
is more tractable although it still suffers from a strong coupling problem [8]. Here 
we will not consider the non-projectable theory because it is overly constrained and 
does not reproduce the Schwarzschild spherically symmetric solution. 

Several aspects of the Kehagias-Sfetsos action were analyzed in the literature: 
cosmological solutions [TU1 HH [121 Q2] , possible tests [HI [151 EEl EH [11] > fundamental 
aspects of the theory [201 EU [221 E31 [2H [251 [2H1 ETl [28], black hole solutions 
(with vanishing shift variables) [291 EQl EH E21 [331 EH ESJ EHJ [371 EHJ EHl HQ], special 
cases such as A = 1/3 [JT] and possible extensions [121 S3]- I n particular Kiritsis 
and Kofinas in [38] studied more general solutions considering the Hofava-Lifshitz 
action with generic (independent) coupling constants, that is, an action not derived 
from a detailed balance condition. 

In the present work we are interested in studying the infinite set of spherically 
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symmetric solutions for the case A = 1 (reviewed in sec. [2]). The choice A = 1 is 
dictated not only by the fact that it is the expected value in the IR limit, but also 
by the fact that the gauge invariance found in [7] could be used to fix A = 1 from the 
beginning once the theory is quantized (there are also different works in which it is 
shown how, leaving A general, it is possible to achieve a correct IR limit introducing 
second order constraints [ISj). A promising advance in this direction, although it is 
not clear yet if there is any relation with our gauge symmetry, was made by Hofava 
and Melby-Thompson in jH]. In [15] spherically symmetric solutions are discussed. 

Our gauge symmetry is manifestly broken by the interaction with matted there- 
fore for each value of the gauge-parameter g(r) we have physically different solutions. 
In section [3] we will study the constraints to which g(r) is subject to have a well 
defined metric, while in sections H] and [5] we will review some physical aspects of the 
problem, the possible measurement of g(r) from astrophysical data and the behavior 
of spacetime behind the horizon. 

2 Spherically Symmetric Solutions for A = 1 

As shown in the appendix |A] and in [TJ, in HL gravity, unlike GR, the non-diagonal 
metric 

dv 

ds 2 = -(N 2 - N 2 f)dt 2 + 2N r drdt + y- + r 2 d6 2 + r 2 sin 2 6d(J) 2 (3) 

and the diagonal one 

ds 2 = -N* 2 dt* 2 + -^dr* 2 + r* 2 d9 2 + r* 2 sin 2 9d(f) 2 (4) 
/* 

are not equivalent because we cannot perform the relevant coordinate transforma- 
tion: 

dt = dt* + j^ydr 

(5) 

with N* 2 = N 2 - N 2 f f* = /(jv2 -5 /) - 

Hence the most general spherically symmetric ansatz in HL gravity is ([3]). We call 
these "hedgehog" solutions, in analogy with the field theoretic soliton configurations 
of the same name, as they possess radially-pointing "hair" due to the shift field. 

2 Hcre we are considering the usual relativistic matter term, although in principle it may be 
possible to consider a deformed term that is gauge invariant (for more general interactions terms 

see [2U [23 EH EH EH]). 
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In [7J we showed that, for the ansatz fl3]) and for A = 1, we have an infinite set 
of solutions: 




/ = 1 + cur 2 - ^/u 2 r 4 + AuMr - 2ug 2 r 2 N 2 = f N r = 

where g 2 is a generic function of the radial coordinate that parametrizes the set of 
solutions. Here we will assume / and g 2 to be analytic functions. 
It is evident that these solutions are well defined only for 

/ > and g 2 < -r 2 H . 

2 r 

In the following, and in particular in section [31 we will find other constraints on g 2 
to have a well behaved metric. 

Although we cannot consider the two form of the metric, (J3]) and (j4j), to be 
physically equivalent in this context, we can still perform the coordinate transfor- 
mation (jHJ) to obtain intermediate expressions and then go back to the non-diagonal 
coordinates to study the physical results. In all the cases we consider here the re- 
lations used are relativistic because we consider the standard relativistic coupling 
with matter, therefore, in the diagonal coordinates, the expressions for the equations 
of motion for a test particle, the bending of light or the relation for the position of 
the horizon are exactly like the one obtained in the GR context, only in the wrong 
coordinate system. This means that we can just use the relativistic relation and 
perform the change of coordinates to go to non-diagonal coordinates to obtain the 
result we seek. 

In our case the the coordinate transformation becomes 

dt = dt* + *K- 1 dr- (7) 
V / (f-9 ) 

which is defined only for 

/>0 and f^g 2 (f*^0). (8) 

The first condition, / > 0, implies a constraint on g 2 

9 2M 1 

9 2 > -1 + 5—3, (9) 

r 2uir z 

while the second condition, as already noted in [7], is related to the position of 
the horizon, which is obtained by solving the condition 

f*(r h )=0 f(r h )=g 2 (r h ) (10) 
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and choosing the outer solution. In particular, from the relations above, it is easy 
to show that 

0< (g 2 (r h )-l) 2 = 2cur h (2M-r h ), (11) 

which corresponds to say that no horizon beyond the Schwarzschild radius is possible 
(r h < 2M). 

Under the conditions (JSJ) the coefficients in the diagonal metric become: 

N* 2 = f* = f - g 2 = 1 + ur 2 - ^u 2 r 4 + AuMr - 2ug 2 r 2 - g 2 . (12) 

The implications of conditions (jHJ) are that the change of coordinates is allowed 
only in the region outside the horizon, exactly as in GR. With an opportune change 
of coordinates in GR we can extend the spacetime inside the horizon, but it is not 
clear how to proceed in HL gravity, where the foliation has a geometrical meaning, 
not the metric. We will briefly investigate this problem in section [5j 



3 Constraints on g 2 

Let us forget for a moment about the problems related to the extension of the 
metric inside the horizon and concentrate on analyzing the infinite set of all possible 
solutions to the equations of motion, looking for the constraints which the generic 
function g must obey to reproduce a well behaved metric. 

The solutions in [7] for A = 1 exhibit the following invariance: 

* g N 2 _ S g f n2 _ l + ur 2 -f- ur 2 N 2 f/N 2 N 2 S g f 

This invariance is not related to a coordinate transformation (although it recovers 
the usual GR coordinate invariance in the limit ur 2 — > oo) and therefore does not 
admit yet a simple physical interpretation. Moreover, as will be noted in section HJ 
this invariance is not a symmetry of the matter term. As a consequence we need to 
treat each possible value of g as the source of a different solution. In this context it 
makes sense to discard some of the solutions based on the study of the constraints 
that g 2 must fulfill. 

As already observe the first constraint on g 2 comes from the expression (fT2|) for 
which we must have 

9 W o 2M 

g 2 < -r 2 + . 14 

2 r 

This, in particular, implies 

g 2 r 2 \ r=0 = 0. (15) 
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The constraint (Q is always compatible with the upper bound for g 2 since 

2M 1 u 2 2M 

-1 H =■ < -r 2 H 

r 2a;7" ; 2 r 

and is relevant only when the l.h.s is positive (remember that g 2 > 0): 



2M 1 / 1 / 1 

-1 + 7^>0 => M — \ M 2 — — <r<M+\ M 2 — —, 

r 2ur z \ 2u \ 2a; 

that is, between the internal and the external horizon radius for the KS metric. 
This in particular means that only when /* < the condition / > may becomes 
relevant. Indeed, we have that / for a generic value of g 2 satisfies 



1 + ur 2 - y/u 2 r 4 + 4ooMr < f < 1 + oor 2 

The limits correspond, respectively, to g 2 = and g 2 = ^r 2 + — . 

Also if we consider only a constrained subclass of possible g 2 , it is still an infinite 
set. We can then study the range in which /* may vary for different g 2l s. 

For g = we have the well known KS solution 

fo =1 + ur 2 - Vu 2 r 4 + 4uMr; 
while for q 2 = %r 2 + — we have 

2 r 

1 2M U 2 

f =1 1 — r 

J max 2 

that is, a de Sitter-like solution. The inequality 



f max > 1 + wr 2 - v^V 4 + AooMr - 2ug 2 r 2 - g 2 

is true for 



which is always verified for 



that is, 



3 9 2M „ 

--cor 2 + < g 2 

2 r 



3 9 2M 

— ur 2 + < 0, 

2 r 



r > 



3ou 

'4M\V 3 



Then, restricting to the case r ^> (^f) , which for cu ^> 1 is much less than the 
classical horizon 2M, we can consider /* to be the upper bound for /*. 
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2M 



Minimizing /* with respect to g we find two values 

g = and g = 

For g 2 = — we have 



2M 



(16) 



Therefore the Schwarzschild solution is the lower bound solution for the metric 




Figure 1: In this figure we plot f^ in , f^ax an d fo with r = r/M and ui = uiM 2 = 100. 

Finally note that redefining u and r as dimensionless quantities, u = uM 2 and 
f = r/M, we can rewrite /* as 

/* = / - g 2 = 1 + Q f 2 - ^/u 2 r 4 + 4ur - 2ug 2 r 2 - g 2 

that shows that the mass M is just a scaling parameter. 



3.1 Asymptotic Behavior 

In this section we want to find what are the restrictions to the asymptotic behavior 
of g 2 to have a flat asymptotic space-time. Let us then consider /*(r) for r — > oo. 
Writing 

/* = 1 + cor 2 



4M 2# 2 



ur 3 our 2 



g 



it is easy two see that we can encounter three cases for r — > oo: the terms ^-o is 



negligible with respect to -^§, it is comparable with — % or is negligible with 
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respect to In the first two cases we can directly obtain that the asymptotic 

limit is flat spacetime; in the third case we can neglect the term -^f . In this case, 
considering that asymptotically 2g 2 < ur 2 , we can expand /* in terms of g 2 as 
follows: 



r = 1 ■ 



(2n-3)!! g 2n 



^^^^^ ■y^ ! (jU^ 1 i 2yi 2 

n=2 

,2 



The above relation implies that g , asymptotically, must grow less fast than Cr to 
have a Minkowski flat asymptotic space-time. 

For g 2 = Cr the function /* asymptotically goes as 

1 ^ (2n-3)!! C n 2 n , C 2 

1 + > T r 2 ~ n ~ H ; 

^ n! u 11 - 1 2u 

n=2 

in this case the asymptotic metric interval becomes 

C 2 dr 2 
ds 2 = -(l + ^—)dt* 2 + —-^ + r 2 dQ (17) 

2ui 



that, after a rescaling of the time and of the radial coordinate + if-t* — > t* and 



2w 

r — > Jl + ^r), becomes 

ds 2 = -dt* 2 + dr 2 + (1 + — )r 2 dn 

2uj 

showing a conical singularity. 

Such a space is asymptotically flat in the sense that there exists a coordinate 
transformation (J7J) for which the diagonal metric is Mikowsky-like. Going back to the 
time coordinate determined by the foliation the metric ([17]) asymptotically becomes 

C 2 

ds 2 = -(1 H )dt 2 + 2drdt + dr 2 + r 2 dtt. 

2oj 

To have a true flat asymptotic space-time we need to impose the condition lim^oo iV r 
that simply implies lim^oo g(r) = 0, being lim^oo /(r) finite by construction. 
Under this condition we directly obtain a Minkowskian asymptotic behavior. 



4 The Bending of Light Measure 

It is easy to show that in both coordinate frames the Killing vectors that correspond, 
respectively, to the energy E and to the angular momentum L take the same form 

£ E = d t = d t * £r = ds. 



9 



In particular the energy is given by 
E = -p* = N* 2 p*° = (N 2 -N 2 f) 

Therefore for a particle of mass m the dispersion relation yields 

e 2 
jV* 2 

where 

e = E/m I = L/m 
The equations of motion are 

e = (N 2 - N 2 f)i- N r r (18) 
/ = r 2 <p (19) 
f 2 = e 2 -V eff (20) 

where we defined the effective potential as 

v<ff = r (y 2 + 1) ■ 

The standard matter term in the action is not invariant under the gauge trans- 
formation ( I13j) . so metrics with different g's represent physically different solutions. 
This is also evident from the radial equations of motion f fT8|) that depend on g 2 : 
the trajectory depends on g 2 although the radial coordinates is not involved in the 
transformation f fl3|) . Therefore the only way we have to fix g 2 is to study the tra- 
jectory of a test particle and reconstruct from it the function g 2 : the measurement 
of the bending of light as a function of the radial coordinate r, that is and the 
impact parameter can be used to determine the metric. 

For a ray of light the radial equation of motion is 

r 2 = E 2 - ^f* 
and the impact parameter is defined as usual as 




r=R 



P 



N rP r 
N 2 - N?f 



(N 2 -N 2 f)p°-N r p r 



-Po- 



— + - + i -o 



k 



1 massive particle 
massless particle 
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where Rq is the closest distance to the star in the trajectory. Using the equation of 
motion for 



), as in GR, we obtain 



dr 



1 



r 



1-1/2 



Knowing the impact parameter b and the function the we can in principle obtain 
completely g 2 . 

A nonzero value of g 2 can be also observed measuring the total bending angle, 
although it will not be possible to reconstruct the whole function. The deflection 
angle is given by 

i r 



! / % 

Ro r 



-1/2 



7T. 



Therefore, considering the functions g\ and g 2 , we have that 

is true if the relative radial functions /* and f% satisfy the following requirements: 

for r>R and (21) 
are monotonically decreasing. (22) 



fi(r) > / a *(r) 
f*(r) f2(r) 



The above requirements are not the most general but are enough easy to deduce 
what happens for some of the metrics considered here. First of all we know that 
if we choose the metric (fl6|) . that is /| = f^ in — 1 — — , the condition (12*I|) is 
verified for any other possible /*. The condition ( 1221) is also verified for f^ in . So we 
can conclude that for every g 2 such that the relative /* satisfies condition ( 1221) the 
deflection angle is smaller than what we expect from GR. 

The case /* = 1 with g 2 = and M = corresponds to a flat Minkowski space- 
time giving rise to a zero deflection angle. This means that for an /* satisfying 
condition ( 1221) and such that /* > 1 the deflection angle is negative, the force being 
repulsive. 

Let us consider as example the KS metric. Using the expansion for the KS metric 
for cur 2 3> 1, /* = 1 — — + the deflection angle can be approximated as 



Ro 



roc 


dr 


1 f* ■ 

J mm | 


JRo 




b 2 ■ r 2 

.mm 


3 dr 


1 


f* . ' 

J mm 


-1/2 




b 2 ■ r 2 

.mm 





2M 2 



to 



-1/2 



M 2 l/Rl - l/r e 



f* ■ 



71 



7T 
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'GR 



- 2 



dr M 2 l/Rl-l/^ 



Ro 



r 2 ur 2 



min 



3/2 - 



5 The Singularity 

In this section we will analyze the behavior of particles near the singular points for 
a black hole in an asymptotically flat space-time. 

The eventual external horizon satisfies the condition [7] f*{rh) = 0, so we need 
first of all to check if there are solutions to the condition /* > 0. Such a case 
satisfies conditions (jHJ), therefore we can just analyze the diagonal metric to study 
its properties. Using relation (fTTl) we can just restrict to the case r < 2M, f* being 
positive for r > 2M. 

At r = we have that 

/*(0) = l-<7 2 (0) 
where we used condition (I15j) . Moreover the condition f*>0 yields 

1 + cor 2 - g 2 > y/u 2 r 4 + Aoo Mr - 2ug 2 r 2 . 



Let us consider a g 2 such that 1 + ur 2 > g 2 (otherwise there is a range for which 
/* < and hence we have a horizon), then 



g A - 2g 2 + 1 + 2ur 2 - AuMr > 



which implies 



g 2 < 1 - x l2ur 2 ( — -l) g 2 >l + J 2oor 2 (—-1 




The first condition corresponds to a positive g 2 for r < M — \/ M 2 — l/2u and 



r > M + a/M 2 - 1 /2u if M > J ±, while for M < J ± any g 2 such that < g 2 < 



1 — y'2u;r 2 (^M _ satisfies all the requirements. The second condition, instead, 
does not satisfy the condition 



1 + ur 2 > 1 + J 2ur 2 - 1^ r(u 2 r 3 + 2ur - AuM) > 

for any r < 2M so must be excluded if we want g 2 to be a continuous function (only 
in the case M = CM we can consider such a case ) . 



3 For M = 0, whatever is the source for N r , there are g 2 for which /* > but the condition 
1 + cur 2 does not allow to have singularities, being <? 2 (0) < 1. 
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Therefore we cannot have vacuum solutions with no horizon other than in the 
case (we are considering only the expression of g 2 for r < 2M because for r > 2M 
we can consider any analytic continuation) 

g 2 < 1 - A/2wr (2M - r) with M < 

note that in this case there is no singularity at r = 0, /*(0) = 1 — g 2 (0) > 0, only a 
possible pinch. In particular this means that there are no naked singularities, if we 
exclude the pinch. 

Unlike GR, in HL gravity the 4D metric g^ v is not physically important: the foli- 
ation structure is geometrically and physically relevant. In HL gravity the foliation 
is determined by a scalar function <fi that, for fixed values of the time coordinates, 
describe a space-like hypersurface E. We can fix the arbitrariness in the coordinates 
[UJ choosing a guage in which t = <f>(~r*) obtaining the parametrization usually used 
in HL gravity. The important geometric quantities, other than 0, are the normalized 
time-like vector n a , orthogonal to 0, and the space-like shift vector N a tangent to 
E. The time direction is then introduced as t a = n a + N a . The lapse function is 
related to the foliation from the definition 

n a = —Nd a 4>. 

It is evident then to have a well behaved foliation we need to have a surface E with 
a well defined orthogonal vector n a . In the gauge t = <f> 

n a = (-iV, 0,0,0) 

hence the foliation is well defined if N ^ 0. In our case N = ±\/7, thus a foliation 
is well defined only if / > 0. Let us call r/ the outer radius satisfying the condition 
f( r f) = 0- Surprisingly we have 

r(r f ) = f(r f )-g 2 (r f ) = -g 2 (r f )<0, 

that is, 

r f < r h . (23) 

This means that the foliation may also be well defined also behind the horizon. For 
the KS metric we obviously are in the condition g 2 {rf) = that implies rf — rh, but 
for any metric such that g 2 (rf) ^ it is always possible to define a foliation also 
behind the horizon. We already discussed in section |3] the implications of condition 
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/ > (Q and they simply implies that if an 77 exists is between to horizons, being 
f*(r f ) < 0. 

As example we have that the metric relative to f^ in has a well defined foliation, 
being N 2 = f = 1. 

In general it is not clear what happens for r < rf because the foliation structure 
breaks down, introducing a different kind of singularity. To explore what happens 
to a particle travelling toward and then toward r/ let us consider a photon of 
energy E fallowing a radial trajectory. Unlike GR there are no constraints from the 
fact that a particle is space-like, null-like or time-like because in this context the 
4.0-metric has no direct physical meaning (there is not a clear causality structure). 
Here we will base our discussion on the geometrical properties of space-time in terms 
of its physical foliation and we will consider the equations of motion for a particle 
to be the same everywhere, inside or outside the horizons: 



ingoing particle 



outgoing particle 



—E, i* = =>- i 



+e, i* = ^ =» i = + 



1 


N r 


TV* 2 




1 


N r 


j\r* 2 


+ F 



r. 



(24) 
(25) 



Because we are considering asymptotically flat spherically symmetric space- 



times, lim^oo g 2 = and hence lim^oo /* 



lim r 



f — 1. This implies that 



outside the outer horizon /* and / are both positive and that the outer horizon rj^ 
is the first zero of /*. The consequence of this statement is that outside the black 
hole N 2 < 1 while in general we have 

/* > N 2 < 1 

/* < N 2 > 1. 



We will assume that f*'(r^) ^ and /'(ry) 7^ 0- 



On the horizon, if r/ ^ r 
as follows 

N r > 
N r < 



h ' 



1 and we can approximate N r near r 



ft 



N r ~ 



-1 - 



2 1WT 



J - r{ h) 



1 , i_ tJjfl (r r (i)> 



If instead r 



f 



.(*) 
ft 

.(*) 



for a given i then g 2 near rj^ goes like g 



where [D 2n g 2 ]{r h ) is the first - even, being g 2 > 0, 



(2r^ V 'ft. > ' 

non zero derivative of g 2 in 



. Therefore, near rjjj , iV r goes like 



[jD 2n^2 ](r . 



\ /'(r«) W 
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in particular we have N r (r^ ) = 0. In the above relation we used the fact that 



f*'( r h^) 7^ 0' which implies f'(r^) ^ 0, being g 2 ' 



0. The case g A 



is 



considering that all the following derivatives 



then included in the case g 2 
of g 2 are all zero. 

The last case to consider is what happens in rj for ry ^ for any i. Assuming 
that jf'(r/) 7^ we have that /'( r /) > because of the asymptotic flatness. Moreover 
f*( r f) = ~~9 2 ( r f) < 0) otherwise we fall in the above case for g 2 (r^) = 0. Then N r 
near r/ is given by 



£ 2 ( r /) 



f'(r f )(r-r f ) 

and it is singular in r/. This behavior is expected considering that in the time 
direction become tangential and that iV _1 is singular in 77. 

Let's start considering a photon neai0the outer horizon \ for which / 
0, and crossing it from outside: 



So), 



> 



NJr 



(oh 



„(0)> 

h , 



(0> 



> 
< 

= 



At 
At 
At 



-L 



dr 



+<5- 



r h +S 



2dr 



Jr h - 



dr 



+S c*> I (OK/ OK 
+0 / '){r-r\ ') 



hi 



hi 



JO) 
' h 



JO) 
1 h 



For N r {r ® ) > we can extend the integral to r < (in this case /* < 0) 
obtaining a finite positive value (/(rj^ ) > by construction), obviously inside the 
limits for which our approximation is still valid. In the remaining two cases the 
coordinate time interval goes to +00 for r — > . This means that for N r (rjj®) < 
the black hole behaves just like a Schwarzschild black hole, while for N r (r^ ) > 
a particle can cross the horizon in a finite coordinate time and if we consider the 
limit of integrations to be from r < to — $ (i n this case /* < 0) the interval 
of time becomes negative and is divergent for r — > . This last statement can 
be physically interpreted saying that for N r (rf^) < particles behind the horizon 
can travel only outward. Will see that this is indeed possible once we 



r < r 



(o)> 



shall look to the motion of outgoing particles. 

There may exists an other horizon just behind r^' but, in this case, f*'(r 
0. In a similar way we can show that we obtain the same results as before. 



< 



4 We shall consider only the time intervals around the points of interest because we want to 
show only if they are finite or no, positive or no. 



15 



If there exist other horizons then we go back considering one of the to above 
cases. 

Following the same steps we find that the situation for an outgoing particle for 
/*'(r[ 0) ) > is reversed (N r > N r < 0), giving 



N r (r®) > : 



iV r (rf ) < : 
iV r (ri 0) ) = : 



At ~ 




2dr 




In 


<5 


f*'(r^)(r- 


. r (0)) ^.(0) 


(0) 
' h 


At ~ 




dr 


rf+d-r 








2/(ri 0) ) " 


2/(r^) 






At ~ 


jrh+S 


dr 




In 


5 








(0) 

r ~ r h 



Therefore for N r (r h 



(oh 



> the coordinate becomes infinite for r — > and in 



particular it is negative if the particle travels toward from inside. As before the 
case /*' < gives similar results. 

Therefore we can deduce that while N r (r^) > a photon can travel toward 
the center of the black hole in a finite coordinate time while if N r (r^) < and the 
photon is an a region in which f*(r) > 0, the photon take an infinite coordinate time 
to reach the horizon toward which is traveling. Moreover if N r (rjf) < and the 
photon is a region in which /* < the photon can travel only toward outside. If the 
photon is traveling toward outside the situation is completely reversed: particles can 
come out in a finite coordinate time for N r (r^) < and need an infinite coordinate 



to move away from an horizon if f*(r^) > and N^r^) > 0. 

If there is an r[ = r/ then N r (r^ "*) = and this horizon behaves just like in 
GR, that is, no photon can go away from the horizon surface in a finite coordinate 
time and no photon reaches the horizon in a finite coordinate time. In this last case 
the foliation structure also breaks down in this point so we will not worry about 
what happens inside the horizon. In general we should consider an extension like 
the Kruskal extension in GR but it is not clear if this procedure is compatible with 
the theory, corresponding to a non admissible change of coordinates. 

The last case to consider is when a photon travels toward rj ^ r^'. We already 
pointed out that f*{rf) < (we already studied the case in which the equality is 
true so will exclude it from the following analysis) therefore we already know that 
for N r > we need to consider only photons moving toward rf and for A^ r < only 
photons moving away from rf. 



N r (r f ) > : 
N r (r f ) < : 



At 
At 



dr 



Jr f 

r r f 

Jr f*(r f ) 



+5 f*(r f ) 
$ dr 



9 ( r f) 



/'(r/Xr-r/) 



f*(r f ) 



1 



9 2 (r f ) 



f'(r f )(r-r f ) 



f*{rj) 



6-2 
- 2 



g ( r t ) s 
7V7) 



9 2 (r f )5 
f'(rf) 
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2 / \ 

The above results are both finite and positive in our approximation (5 < A jr^rj ). 
This means that for N r (rf) > the photon will hit in a finite coordinate time the 
singularity rj while for N r (rf) < photons can come out of the singularity in a 
finite coordinate time. 

Again behind ry it is not clear if it is possible to extend space-time. 

Going back to the case in which r/ = for a given i, like in GR, we obtain 
that it is necessary a finite proper time to reach the horizon. The KS metric is an 
example: 

the contribution to the proper time around (5 <C r^) at the turning point rj^ for 
a radially falling (time-like) particle with energy em 



At 



,(0) (0) 

h dr f Th dr / 8 



(0) 



is finite, being f*'(r^ ) > 0. In general if f*'(r^) = 0, then the integral is divergent. 
In particular for an energy 1 — (2uM 2 ) 1 ^ < e < 1, between the two horizons, the 
motion is periodic with a finite proper time period. 

Being the proper time finite we can imagine that something like a Kruskal exten- 
sion is possible. In GR the Kruscal extension shows that is not a singular point 
but the procedure works because of the general covariance that allows us to consider 
the same solution in a non-singular coordinate frame system. Here we cannot per- 
form any change of coordinates mixing space and time, so a Kruskal-like extension 
does not exist. On the contrary it is still possible that a particular interaction term 
for matter allows only well defined foliations. 

An other point to consider in introducing an extension is the behavior of the 
singularity in r = 0. 

Supposing that we are in the conditions for which a particle will hit the center of 
the system, what happens after the particle hits r = is unclear because for M ^ 
the slope of the KS metric goes like 

f*'(r) = 2u(r ur + M = \ lim/*'(r) = -oo 

showing the presence of a singularity, a pinch (the Ricci scalar near r = goes like 



n 



TfT 

To have a smooth behavior at r = 0, that is to have a space-time that looks 
locally flat at r = letting the particle to go through, we need /*(0) to be finite and 
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/*'(0) = 0. The first condition implies that g 2 (0) is finite while the second reduces 
to 



2w 2 r 3 + 2uM - 2ug 2 r - u(g 2 )'r 2 , 2W 
2ur : (g ) 



^u 2 r 4 + AuMr - 2ug 2 r 2 



0. 



J r=0 



For r ~ 0, /* reduces to 



2wM - w(# 2 )V 2 
\/4wMr 



2ur 



,2V 



that is, 



2\/ 



# 2 ~ -2VwMr 



showing that we cannot have a smooth behavior at the origin for M^O, then the 
presence of a point-mass still correspond to a singularity in space-time. 
If we consider the case M = with N r ^ 0, then 



\Juj 2 r A — 2ug 2 r 2 
For r ~ 0, /* reduces to ((? 2 < ur 2 /2 for r ~ 0) 



0. 



r=0 



2ujr 



2u 2 r 3 — 2ug 2 r — u(g 2 )'r 2 



cur' 



(9 



2\l 



that is, 



r=0 



0. This property means that are possible locally non-flat vacuum 



solutions with M = and N r ^ and smooth in r = 0. In this case there must be 
some other source, other than M responsible for an N r ^ 0. This possibility will 
then depend strictly on the particular coupling with matter. 



6 Conclusions 

The reduced symmetries of HL gravity make unclear the meaning of the symmetry 
()13p from a physical point of view. Such a symmetry may be just an accident in the 
current formulation of the theory, but it can be used, if generalized, to fix A to the 
value of 1 in the quantization process. 

In the meanwhile it is evident that for standard relativistic matter the symmetry 
(fl3l) is not a symmetry. Although in principle we can construct an interaction term 
that is invariant under such a gauge symmetry, the physical consequence is that for 
a relativistic coupling with matter the symmetry is broken: therefore every value of 
the function g 2 corresponds to a a different solution. 
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In this paper we studied the constraints that g 2 must satisfies in order to have 
a well defined metric and to satisfies physical requests and we have analyzed what 
are the implications on the trajectories of particles (in some cases only massless). 

Not having the full relativistic symmetry we use as starting point the dynamic of 
particles and analyze the behavior of their trajectories. We consider a possible way 
to reconstruct g 2 measuring the bending of light to reconstruct the metric. Moreover 
we analyze the motion of massless particle in the presence of a black hole. 

Here we do not consider any model for the collapse so we do not worry if it is 
possible to have trapped particle between two horizons during the collapse but we 
simply analyze how long it takes to move toward to or away from a horizon. As 
simple consequence we have that if a black hole has a radial shift vector toward 
outside then massless particles can travel in a finite coordinate time toward inside, 
while if the shift vector is directed inwardly massless particles can came out in a 
finite coordinate time. 

Finally we suggest a possible redefinition of singularity. The time-direction is 
not well defined for N = then we can identify such a point as a break down of the 
foliation. In the spherically symmetric case such a point is defined by the condition 
f(rf) = (we need to consider only the outer radius satisfying this property). For 
the KS metric such a point corresponds with the outer horizon. With this definition 
we do not need to ask for any extension of the metric behind such a point because 
the geometric structure, the foliation, is not well defined, moreover, unlike GR,we 
are not supposed to consider the problem in a different set of coordinates because 
it would be unphysical. It is still possible that a particular coupling with matter or 
perhaps also the standard one would imply, once the collapse is studied, that the 
foliation is always well defined under certain physical conditions. 

A Appendix 

As pointed out in [7] the most generic spherically symmetric metric is with a nonzero 
shift variables and is given by (J3J) 

dv 2 

ds 2 = -(N 2 - N 2 f)dt 2 + 2N r drdt +~ + r ^ 2 + r 2 sin 2 6d<p 2 . 
In General Relativity we can always perform the following change of coordinates 

dt = dt* + F(r)dr* r = r* (26) 
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obtaining 



ds z = -(N 2 - N 2 f)dt* 2 + 2[N r - (N 2 - N 2 f)F]dr*dt* + 



j-(N 2 - N 2 f)F 2 + 2N r F 



dr* 2 + r* 2 d6 2 + r* 2 sin 2 



Choosing 
and denning 



N r 



N 2 - N 2 f 



(27) 



N 



*2 



n 2 - N 2 f r 



f(N 2 - N 2 f) 
N 2 



we have that the metric takes the usual diagonal form (j4j): 



ds 2 



-N* 2 dt* 2 + —dr* 2 + r* 2 d6 2 + r* 2 sin 2 
/* 



Moreover note that if / = N 2 we also have 

_r_ j_ 

Unlike GR, in HL gravity we cannot perform the change of coordinates (1261) be- 
cause such a transformation does not preserve the foliation M = K x E of spacetime. 
Indeed, because of the anisotropy, the theory is invariant only under diffeomorphisms 
that leave unchanged the foliation structure ([3S1 SSj) T: 

x i -> = x'(x, t) t->i= t{t). 
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